ABSTRACT. Rado constructed a (simple) denumerable graph R with the positive integers as vertex set with the following edges: For given m and n with m < n, m is adjacent to n if n has a 1 in the m'th position of its binary expansion. It is well known that R is a universal graph in the set I of all countable graphs (since every graph in I is isomorphic to an induced subgraph of R).
Introduction
For general graph theoretic notions, the notation and terminology of [8] will be used. In particular, for any two graphs G and H = (V , E ), we say that G is a subgraph of H, denoted by G ⊆ H, if there is a subset V ⊆ V and a subset E ⊆ E such that (V, E) is a graph which is isomorphic to G; G is an induced subgraph of H, denoted by G ≤ H, if G is isomorphic to such a graph (V, E) of which E contains all and only the edges xy ∈ E for which x, y ∈ V . We shall also write G ⊂ H (G < H) to denote the fact that G is a subgraph (an induced subgraph respectively) of H which is not isomorphic to H.
There is (up to isomorphism) clearly only one subgraph induced by a given subset W of the vertex set V of a graph G = (V, E); this subgraph is denoted by G [W ] and called the subgraph of G generated (or spanned) by W .
The graphs considered in this paper are generally countable graphs. For notions related to hereditary graph properties the notation and terminology of [2] will be used. For ease of reference we formulate some of the basic definitions in this paper, too. A (graph) property is an isomorphism-closed subclass of the class of all graphs. Since we have, in a graph property, no reason to distinguish between isomorphic copies of a graph, we consider the class I of all (simple) graphs to be a set. A subset of a property P of graphs which is also important for us is P f , the set of finite graphs in P. In this paper we will often have occasion to deal with two graphs that are isomorphic and, if they are, we shall refer to any one of them as a clone of the other.
A component of a graph is a ≤-maximal connected induced subgraph of that graph. A property P is called additive if for each graph G all of whose components are in P we have that G ∈ P, too. This is equivalent to saying that P is closed under taking disjoint unions of graphs. A property P is induced-hereditary if, whenever G ∈ P and H ≤ G, then H ∈ P, too.
Let P be a set of countable graphs. Following [8] , we define a graph U to be a universal graph for P if every graph in P is an induced subgraph of U ; it is a universal graph in P if U ∈ P, too. Since a universal graph U for P is allowed to be outside P and hence, presumably, to be uncountable, the existence of at least one such U becomes trivial: take U to be the disjoint union of one clone from each isomorphism class in P (i.e. of a "skeleton" of P). The fact that this U (which exudes an aura of lazy brute force) will in general be uncountable follows from the next lemma; in Section 2 we shall construct a countable U for any induced-hereditary graph property P.
Consider countable linear forests, i.e., graphs with a countable vertex set which have no cycles and in which every vertex is of degree at most two. Note that every component of such a linear forest is a finite path (with no or with two vertices of degree one) or an infinite path (with no or with one vertex of degree one). Also note that if two such linear forests are isomorphic, then they have the same number of components of each length, and that linear forests constitute an induced-hereditary graph property.
Ä ÑÑ 1º
There are uncountably many, in fact at least 2 ℵ 0 , pairwise nonisomorphic countable linear forests in which every component is a finite path. P r o o f. In order to prove this statement, we construct an injection f from the real numbers in the interval (0, 1) into the set of all such graphs. Hence CONSTRUCTING UNIVERSAL GRAPHS FOR INDUCED-HEREDITARY PROPERTIES let x ∈ (0, 1) and suppose x 1 x 2 . . . is the decimal expansion of x. Then we define the linear forest f (x) by letting, for each positive integer k, the number of components of order k in f (x) be x k . By the remark immediately before the lemma we then have that, if x, y ∈ (0, 1) with x = y, then f (x) ∼ = f (y), i.e., f is an injection.
From Lemma 1 now follows that most graph properties contain uncountably many pairwise non-isomorphic graphs. Indeed, if a graph property P is hereditary or additive and contains, for every k ∈ N, the path on k vertices (and many do), then all the linear forests used in this lemma are in P and hence P is uncountable. So, for many (i.a. induced-hereditary) properties P, the universal graph for P obtained by taking the disjoint union of a skeleton of P will not be countable -and has, of course, uncountably many components. Therefore the construction of a countable (usually denumerable) universal graph for P is of interest.
Rado [13] constructed the following (simple) denumerable graph on N: For given m and n with m < n, m is adjacent to n if n has a 1 in the m'th position of its binary expansion. We shall denote this graph by R. It is well known that R is a universal graph in the induced-hereditary property I c of countable graphs. A very useful and, in fact, a characteristic property of R is that it has the extension property: For every two finite disjoint sets U and V of vertices of R there is a vertex not in U ∪ V which is adjacent to every vertex of U and to no vertex of V .
This type of construction, in which the edges of a countable graph on N are described in terms of the binary expansion of the natural numbers involved, is used in [5] to construct universal graphs for specific induced-hereditary properties of graphs, too.
In Section 2, dealing with general graphs, i.e., no longer simple graphs, we discuss a different type of construction. It delivers countable universal graphs for all induced-hereditary properties at one fell swoop. Another construction of similar type delivers a universal graph for the set of finite graphs in the product of two properties of graphs.
We compare and contrast features of these two types of construction in Section 3.
Constructing universal graphs for general graphs
We describe in this section uniform recursive constructions of universal graphs for induced-hereditary properties of general graphs and for products of such properties. The classes of countable graphs under consideration are general in the broadest sense: they may sport any combination of your favourite prescriptions and proscriptions of features. They may have loops or not; finitely many multiple edges between pairs of vertices or not; directed edges or undirected edges; edges or vertices (or both) labelled with labels from any prescribed finite set or not; etc.
A countable universal graph for any induced-hereditary property
Let P be any property, or class, of graphs in the above very general sense with the following characteristics:
• every member of P has a countable vertex set;
• P is an induced-hereditary graph property, i.e. every induced subgraph of a member of P is a member of P (where definitions of induced subgraphs, isomorphic graphs, etc. can be generalised from [4] , where directed edges and labels are considered).
We shall now prove, by a recursive construction, that a countable graph which is universal for P exists. Before we do so, some notation is useful. Let F be a skeleton of the class of finite members of P: every isomorphism class of finite members of P therefore has exactly one representative in the set F . Then F has a countable partition
. is a countable sequence of finite graphs with
where F n is the set of members of F with an n-element vertex set. Note that, since P is induced-hereditary, if F n+1 = ∅, then F n = ∅; so from any nonempty level downward all levels are non-empty. |F n | denotes the number of graphs in the n'th level set F n . Also note that G ∈ F n sometimes means that
Remember that if G ∈ F n+1 (meaning, more precisely, that G is a clone of an element of F n+1 ), then every proper induced subgraph of G is (isomorphic to) an element of F 1 ∪ F 2 ∪ · · · ∪ F n . In particular, every induced subgraph of G obtained by removing one of its vertices is in F n . Conversely, if H ∈ F n and G has property P and one more vertex than H, then G ∈ F n+1 .
We shall, using this notation, construct a sequence of graphs U 1 , U 2 , . . . by recursion on the indices 1, 2, . . . such that • U 1 < U 2 < . . . , i.e. each is (really in this instance, not just isomorphic to) a proper induced subgraph of the next one;
to an induced subgraph of U n ); • the vertex set of U n has cardinality |F 1 |+|F 2 |+· · ·+|F n | (since each vertex of U n will owe its existence to precisely one graph in
We are now ready for the proof of Ì ÓÖ Ñ 1º Let P be any induced-hereditary property of countable general graphs. Then there exists a countable universal graph U (or U (P)) for P. P r o o f. Let U 1 = F 1 , the disjoint union of the finite set of graphs (there may be more than one since loops or finite vertex labellings are allowed) in F 1 . Note that thus far there are no edges, except possible loops, in sight.
Suppose now that U 1 , U 2 , . . . , U n has been constructed. Then we construct U n+1 as follows:
is then defined (with preservation of vertex labels and loops on V (U n ), if applicable) to be
Next we define the edge set E(U n+1 ) of U n+1 . All the edges of U n (with their multiplicities, directions, labels, etc. preserved, if applicable) are edges of U n+1 , i.e., E(U n ) ⊆ E(U n+1 ). Furthermore, in U n+1 there are no edges between any v i and v j for i = j. Describing the new edges in U n+1 requires some preliminary work:
Consider any fresh v i ∈ V (U n+1 ) and its (unique) corresponding G i ∈ F n+1 with n+1 vertices. Take any v ∈ V (G i ). Then the induced subgraph H i = G i −v of G i has property P and hence is isomorphic to some H i ∈ F n . But, by the construction of U n , the latter is universal for F n , and hence there exists an induced subgraph L i of U n which is isomorphic to H i and to
with everything that it needs for us to be able to extend α i to α
• Should v have a vertex-label in G i , we assign that label to v i in U n+1 .
• Should v have a loop in G i , v i gets a loop (perhaps labelled) in U n+1 .
• Whenever v has an edge (or multiple edges) to w in G i , we prescribe an edge (or multiple edges of the same multiplicity) between v i and α −1 (w) ∈ V (U n ) -the latter edge(s) decorated, if applicable, with the corresponding decoration(s) from G i . Doing what we have just described for each v i and G i , i = 1, 2, . . . , k, separately, completes the construction of U n+1 from U n and F n+1 .
We still need to prove that for every graph G ∈ P we have that G is an induced subgraph of U , the limit of the sequence U 1 , U 2 , . . . , to prove that U is universal for P. Hence consider any G ∈ P.
• If G is finite, say |V (G)| = n, then G ∼ = G ∈ F n and G < U n < U, so G < U (since < is transitive).
• If V (G) is denumerable we may assume that V (G) = N. For any positive integer n we can then prove (like in the finite case) that the subgraph G n of G induced by [n] = {1, 2, . . . , n}, which is in P since the latter is inducedhereditary, is an induced subgraph of
It is immediate to see that U is countable since each of the countably many steps in the construction of U involves a finite number of new vertices.
When necessary to identify the particular property P in an application of this theorem, the notation U (P) in stead of U will be used.
A universal graph for the product of properties
We start by defining, in a similar way as was done for example in [2] for finite graphs, a product of properties.
Ò Ø ÓÒ 1º Let P and Q be any induced-hereditary properties of (simple, for now) countable graphs. The product of P and Q, denoted by P • Q, is the property consisting of all (countable) graphs G for which there is a partition of the vertex set V (G) into two parts X and Y such that the subgraph
We remark that this definition can clearly be extended to products of more than two properties of graphs and that these products are induced-hereditary properties of countable graphs. By the construction in the previous subsection, there is a countable universal graph U (P • Q) for P • Q.
The question arises whether the universal graphs U (P) and U (Q) (for P and Q separately) can somehow be employed in the construction of another universal graph, say W (P • Q), for P • Q. We now describe such a construction which gives a universal graph for the finite graphs in P • Q and denote the graph we construct by W for short.
Besides U (P), we need a denumerable set of pairwise disjoint, triply indexed clones of U (Q),
The role of the three indices will become clear as we proceed. Every U (Q) ijk is also disjoint from U (P).
We are now ready to describe the vertex set, V (W ), of W :
is the disjoint union of the vertex sets of the different U (Q) ijk . We now begin the description of the edge set of W :
i.e., all the edges of U (P) and of all the copies of U (Q) are edges of W -but there are more edges in W . To describe these extra edges in W we shall use the index-triples ijk, but we also need some more notation. Let
be any enumeration of the (countable, most likely denumerable) skeleton of the class of finite members of P used in the construction of U (P). Each element G i of F (P) has a canonical occurrence as (a clone of) an induced subgraph of U (P). Similarly, for Q we have
with H i occurring canonically in U (Q). The canonical clone of G i in U (P) or of H j in U (Q) or in U (Q) ijk will be denoted by the same symbol, G i or H j . When G i ∈ F(P) has m vertices and H j ∈ F(Q) has n vertices, then there are mn potential edges between vertices of G i and vertices of H j . Hence there are 2 mn different potential sets of edges between the vertices of G i and the vertices of H j . Each of these possibilities represents a finite graph in P • Q (not all of them necessarily non-isomorphic).
mn , implying that within U (P) we have |V (G i )| = m and within U (Q) we have |V (H j )| = n. In W we now add the following edges: For each G i ∈ F(P) and each H j ∈ F(Q) and each possibility k of the 2 mn possibilities of edge sets between V (G i ) and V (H j ) we add to the edges of W those edges between V (U (P)) and V (U (Q) ijk ) which correspond to the k'th set of edges between V (G i ) (in V (U (P))) and V (H j ) (in V (U (Q) ijk )). That completes the description of the edge set of W . Each finite graph in P • Q has now a canonical occurrence in W , and the following theorem holds.
What can we say about a possible universal graph for the denumerable ones? In Lemma 1 we saw how playing with disjoint unions of denumerable graphs tends to propel us to the dizzy heights of uncountability.
Concluding remarks: Contrasting the two constructions
We have now encountered two approaches, styles of constructing universal graphs in and for induced-hereditary graph properties:
A: the construction of a universal graph U in some properties P as found in, e.g., [3] , [4] , [5] , [12] and, seminally, [13] .
B: the construction of a universal graph U for any induced-hereditary property P as found in Section 2 of this paper.
Some contrasts between A and B are salient: (a) Symmetry: A-constructed universal graphs have extremely large automorphism groups. For instance: R has 2 ℵ 0 conjugacy classes of cyclic automorphisms, i.e., automorphisms for which the vertices of R can be labelled by the set of integers Z so that the automorphism is the cyclic shift x → x + 1 ([6: Slide 18]). But one imagines that B-constructed ones have, relatively speaking, very small automorphism groups. (b) Thrift: Related to their great symmetry, A-constructed universal graphs are prodigal (as elaborated on as "abundance" in [3] ), while B-constructed universal graphs are frugal in comparison, missing the "non-locality" and ubiquity of an extension or adjoining property or homogeneity. An A-constructed homogeneous universal graph "looks the same" from the viewpoint of any of its vertices. This is so since, by homogeneity, any two isomorphic finite induced subgraphs, and in particular any two vertices, can be interchanged by an automorphism of the whole graph. Intuitively speaking, you can "pick up" the graph by any of its vertices, "shake it out", and "downward" from that vertex it unfolds all the way in exactly the same pattern. For A-constructed universal graphs which are not homogeneous, but have the somewhat weaker property of allowing extensions of isomorphisms from prescribed subgraphs, any two vertices (or finite isomorphic induced subgraphs) still have isomorphic induced denumerable supergraphs within the graph [5] . By contrast, in a B-constructed U for P, every finite graph in P has one "canonical" occurrence within U , apart from possible other accidental occurrences. This canonical occurrence is even anchored to the specific vertex of U for the existence of which it is responsible. (c) Definition: In A the universal graph is established in Rado style by fiat, a definition needing an argument to show that it harbours every graph from P. In B the universal graph is built incrementally in recursive steps, showing directly how the elements of P of growing size are incorporated. The induced finite subgraph U n of the universal graph U accommodates all those graphs in P with no more than n vertices. It is not immediately clear whether anything similar can be explicated elegantly for an A-constructed universal graph. For instance, can one easily explicitly define a finite induced subgraph of R which accommodates (maybe even tightly) all simple graphs with at most n vertices? (d) Features of hereditary properties: It seems intuitively as if B may be more illuminating than A in the study of certain features such as the "speed" and the "boundedness of clique-width" (as discussed in [1] ) for induced-hereditary properties. A similar remark holds with respect to finding universal graphs with a minimum number of vertices for a finite number of finite graphs (as discussed in [11] ). We remark that, when few vertices is the thrifty issue, the recursive step constructing U n+1 from U n in the proof of Theorem 1 can be made more parsimonious: Add a new vertex v i to U n only for those G i ∈ F n+1 which are not, accidentally, already isomorphic to some induced subgraph of U n . (e) Generality: Constructions of stripe A deliver a universal graph in P. Some induced-hereditary properties P do not contain universal graphs, as seen for example in [7] , [9] , [10] and [13] . B always creates a universal graph for P. 
